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Abstract: Considering the potential of thermostatically controlled loads (TCLs) to provide flexibility1
in demand response or load control, a semi-Markov model (SMM) for the ON/OFF controlled TCL is2
developed in this paper. This model makes full use of the adjustment flexibility of TCLs when the3
control period is long and maintains the diversity of switch state in the cluster. This model also can4
satisfy user comfort and protect user privacy. Then, this paper adopts the cyber-physical system (CPS)5
to realize the coupling of the discrete control process and the continuous physical process. Finally,6
the proposed model is applied to the coordination of large-scale heterogenous air-conditioners (ACs)7
based on the equivalent thermal parameters (ETP) model. Simulation results verify that under the8
proposed approach, the power of TCLs cluster can track the control signal accurately, with both user9
comfort and diversity of TCL cluster’s operation states guaranteed.10
Keywords: Thermostatically controlled load (TCL), semi-Markov control model (SMM),11
cyber-physical system (CPS), equivalent thermal parameters (ETP)12
1. Introduction13
The ever increasing penetration of renewable energy sources (RES) in the power grid has posed a14
great threat to the power system on meeting the supply-demand balance. Considering the intermittency15
and uncertainty brought by the integration of RES, traditional generators of slow response speed16
and high regulation cost may fail to ensure the reliability and efficiency of the power system. At the17
same time, the consumption of thermostatically controlled loads (TCLs), i.e., air-conditioners (ACs),18
refrigerators and water heaters, has grown rapidly in China recently. Especially during summer,19
ACs would consume about 30% ∼ 40%, and even exceed 50% of total electricity in some large and20
medium-sized cities. Due to their potential to provide flexibility by changing the operating cycle21
and adjusting the temperature setting value, TCLs can participate in various ancillary services while22
ensuring user comforts, such as active power balance, frequency regulation, and peak shaving.23
To fully explore the flexibility of TCLs, it is of great significance to accurately model their thermal24
dynamics. At present, a large proportion of TCLs are under ON/OFF control that their instantaneous25
power cannot be adjusted continuously, with the commonly adopted control strategies being switching26
control, temperature control, and probability control. Switching control refers to the strategy that27
controls an aggregation of TCLs to track a target power by directly controlling the switching state of28
each TCL. In [1] a state-queueing model is used to divide the TCLs into clusters according to their29
indoor temperature and switching state, with the number of TCLs to be turned on determined by30
target power. In [2], the state of TCL is controlled based on the relationship between the target power31
and the power of TCL in a free state. Temperature control refers to the control of TCL by adjusting its32
set point. In [3,4], the temperature control method is combined with the state sequence model of the33
cluster to achieve accurate tracking of the control signal. However, since both switching control and34
temperature control are direct control strategies, the control privileges of TCLs should be acquired by35
controllers, which may cause problems concerning information security and potential load oscillation.36
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To address these problems, a probability control that strategically controls the duty cycle of TCL37
to track the average power of a cluster of TCLs are proposed in many studies with the adoption of38
the Markov model. In [5], the relationship between the probability distribution of cluster state and39
transition probability is established by the Fokker-Planck equation to realize the control of a TCL40
cluster. To facilitate control, the temperature distributions in the cluster are divided into several groups41
in Literature [6,7]. Literature [8] uses the Markov chain to describe the dynamic process of TCL’s42
number change in each interval. Literature [9–11] proposes a two-layer controlled method. Such a43
method obtains duty cycle of the cluster by frequency adjustment on the upper layer and computes44
transition probability through the change of the duty cycle. For the multiple solutions of transition45
probability, the switching times have been optimized for the only solution in Literature [10,11].46
As a kind of indirect load control method, the probability control method realized by the local47
controller uses the transition probability as a control signal and increases the clusters’ randomness to48
ensure the diversity of TCLs’ state. However, the aforementioned approaches based on the Markov49
chain have several limitations that need to be addressed. First, the aggregation process proposed in [5]50
requires a collection of model parameters and user preferences that may violate users’ privacy. Second,51
according to the aggregation methods proposed in [5,6], they can only be applied to the coordination52
of TCLs with homogeneous parameters instead of heterogenous TCLs. Besides, methods that omit the53
lock time constraint [6,7] may arise frequent switches of the TCLs, thus increasing wear and causing54
damage to equipment. Although this constraint is considered in [9–11], these methods are not suitable55
for applications with the control period longer than the lock time, to fully explore the flexibility that56
TCLs can offer.57
This paper proposes a probability controlled model based on the semi-Markov process that can58
systematically address the aforementioned problems. Besides, the cyber-physical system is adopted to59
realize the autonomous control of TCL by establishing the coupling relationship between the physical60
process and the control process.61
The rest of this paper is organized as follows. Section 2 introduces the probability control model62
for ON/OFF controlled TCLs based on the semi-Markov model. In Section 3, based on the theory of63
CPS, the SMM is applied to control a population of ACs whose physical model is derived from the64
ETP model. Section 4 develops case studies to prove the effectiveness of the method. Finally, some65
concluding remarks are given in Section 5.66
2. Control Model67
2.1. Semi-Markov Model68
The state machine of an ON/OFF controlled TCL is demonstrated in Figure 1. As shown, four69
states are included after the introduction of lock time to prevent the frequent start and stop. Both ON70
and ONLOCK are the Power-on state of TCL, and the difference is that the former satisfies the lock71
time and can be OFF at any time; both OFF and OFFLOCK are the Power-off state of TCL, and the72
difference is that the former satisfies the lock time and can be ON at any time.73
The Markov process requires that the time distribution of the state transition of the system74
be memoryless. However, in Figure 1, the transition duration of the lock state does not obey the75
exponential distribution due to the constant lock time. To this end, this paper proposes a semi-Markov76
model (SMM) to establish the generalized control model for all ON/OFF controlled TCLs that uses77
two transition probabilities u0 and u1 to control the transition between states.78
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Figure 1. Semi-Markov model of the ON/OFF controlled TCL.
The SMM is defined as follows [12]:79
(1) In the state space ℵ= {1, 2, 3, 4}, the probability that the system leave state m to state n is pmn,
thus
r
∑
n 6=m,n=1
pmn = 1 . (1)
(2) Given that the next state is n, the transition time from m to n satisfies the distribution Fmn(t),
which can be any distribution. So the distribution Fm(t) in state m is
Fm(t) =
r
∑
m 6=n,m=1
pmnFmn(t) . (2)
The average stay time of state m is
Tm =
∫ ∞
0
tdFm(t) . (3)
Let m = 1, 2, 3, 4 represent ON, OFF, ONLOCK and OFFLOCK, respectively. Figure 1 shows that
the transfer of state is unidirectional, so according to Equation (1),
p14 = p42 = p23 = p31 = 1 . (4)
F14(t) and F23(t) are exponential distributions with parameters
u0
∆t and
u1
∆t ,respectively. Thus
F14(t) = 1− e−
u0
∆t t, F23(t) = 1− e−
u1
∆t t , (5)
where ∆t is the interval of semi-Markov process.80
According to Equation (3), the average stay of state 1, 2 and its standard deviation are{
T1=
∫ ∞
0
u0
∆t te
− u0∆t tdt =∆tu0
T2=
∫ ∞
0
u1
∆t te
− u1∆t tdt =∆tu1
. (6)
 σ1=
∫ ∞
0
u0
∆t t
2e−
u0
∆t tdt−
(∫ ∞
0
u0
∆t te
− u0∆t tdt
)2
= ∆tu0
σ2=
∫ ∞
0
u1
∆t t
2e−
u1
∆t tdt−
(∫ ∞
0
u1
∆t te
− u1∆t tdt
)2
= ∆tu1
. (7)
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Obviously, the average stay of state3, 4 are
T3 = T4 = tlock . (8)
(3) If the semi-Markov chain is irreducible, after a finite time, the probability of being in a certain state
can converge to a constant independent of the initial state , denoted as steady-state probability
[12], while the probability before convergence is called transient probability. According to the
characteristic of the semi-Markov chain, the steady-state probability pm is
pm =
pimTm
r
∑
m=1
pimTm
, (9)
where pim represents the distribution of state m that satisfies the equation
pin =
r
∑
m=1
pimpmn
r
∑
m=1
pim = 1
. (10)
Substitute Equation (4) into Equation (10), it can be obtained that
pi1 = pi2 = pi3 = pi4 = 0.25 . (11)
Combine Equation (9) with Equation (11), the steady-state probability is
pm =
Tm
T1 + T2 + T3 + T4
m = 1, 2, 3, 4 . (12)
It can be inferred that the steady-state probability is determined by the transition probabilities u081
and u1.82
2.2. Determination of Transition Probabilities83
For TCL i, its instantaneous power P˜ki is a discrete random variable, i.e., either P
rate
i which
represents the rated power or 0, and its expected power during a control period k denoted as Pkexp.i, is
calculated as
Pkexp.i = E(P˜
k
i ) = (p1+p3)P
rate
i . (13)
Therefore, the expected power Pkexp.i is also determined by the transition probabilities.84
Assuming that the target power received at control period k is Pki , let
Pkexp.i = P
k
i . (14)
According to Equation (13)(14), the solution of u0 and u1 is not unique. Considering the convergence85
performance during transient phase, their value should be determined carefully.86
On one hand, since the actual durations of state 1−ON, 2−OFF would fluctuate seriously
around the expected value within one cycle, TCLs with the indoor temperature near the boundary are
prone to exceed the comfort limit. Therefore, according to Equation (7), u0 and u1 should be as large as
possible to decrease the standard deviation of duration time. Considering that given a constant pm, u0
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and u1 would increase or decrease simultaneously according to Equation (12), the following constraint
are added:  u1 = 1, if P
k
i
/
Pratei > 0.5
u0 = 1, if Pki
/
Pratei ≤ 0.5
. (15)
On the other hand, according to the convergence of the semi-Markov process, the state space
cannot be a simple loop indicating that the transition loop cannot be A to B and then B to A. When
Pki
/
Pratei in Equation (15) gradually reduces to 0.5, the expected duration time T2 = ∆t and T1
decreases until it is finally negligible compared to tlock. On such condition, each TCL switches between
3−ONLOCK and 4−OFFLOCK every tlock and the semi-Markov process is a simple loop. So in
order to prevent this phenomenon, the constraint in Equation (15) is replaced with a lower limit for T1
T1 > t , (16)
where t is set to 1min in this paper, given that the lock time is typically 3− 5min [13].87
It can proved that Equation(16) holds when the following condition satisfies
Pki
/
Pratei >
t+tlock
t+ tlock+∆t+tlock
> 0.5 . (17)
Similarly, when Pki
/
Pratei in Equation (15) gradually increases to 0.5, T2 > t would hold as long as
the following condition is satisfied
Pki
/
Pratei <
∆t+ tlock
∆t+ tlock+t+ tlock
< 0.5 . (18)
On the contrary, when neither (18) nor (17) is satisfied, another constraint is added to (15) as
follows to guarantee the lower limit for duration time
u1 = 1, if Pki /P
rate
i >
t+tlock
t+tlock+∆t+tlock
u1 = 0.005, if 0.5<Pki /P
rate
i ≤ t+tlockt+tlock+∆t+tlock
u0 = 0.005, if 0.5 ≥ Pki /Pratei ≥ ∆t+tlock∆t+tlock+t+tlock
u0 = 1, if Pki /P
rate
i <
∆t+tlock
∆t+tlock+t+tlock
. (19)
By far, the transition probabilities u0 and u1 can be determined by Equation (19), with smooth88
transient performance guaranteed.89
3. Autonomous Control of Air-conditioners90
This section further applies the proposed SMM to the control of air-conditioners (ACs)..91
3.1. Physical Model92
The thermodynamic model of an AC system is used to describe the thermal dynamic transition
process in a room. The simplified equivalent thermal parameters (ETP) model [14,15] of a cooling
AC system describes the dynamic behaviors of indoor temperature Ta with cooling capacity QkAC as
follows:
Ca
dTa
dt
= − 1
Ra
(
Ta − Tko
)
−m (t)QkAC , (20)
where Tko represents the outdoor temperature at period k; Ca and Ra denote the equivalent capacitance93
and resistance, respectively; t is the interval time of period.94
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The exponential solution of Equation (20) is
Tk+1a = T
k
o +Q
k
ACRa − (Tko +QkACRa − Tka )e−
dt
RaCa . (21)
Denote COP as the energy efficiency ratio of the ON/OFF controlled AC, then the relation of the
dynamic power PkAC with Q
k
AC is described as
QkAC = P
k
ACCOP . (22)
Combine (21) and (22), the physical model of ON/OFF controlled AC is
Tk+1a = T
k
o + RaP
k
ACCOP− (Tko + RaPkACCOP− Tka )e−
dt
RaCa . (23)
According to the SMM, Equation (14) and Equation (23), the target power PkAC.i can be used as a95
command to control the AC.96
3.2. Control Process Based on Cyber-Physical System (CPS)97
Combine the SMM model with AC’s physical model and the overall control process is98
demonstrated in Figure 2. As shown, in control period k the AC i receives a target power PkAC.i99
from the aggregator. To track the given target power, u0 and u1 can be obtained consequently from the100
SMM according to (19). These two transition probabilities are used as input signals to the four-state101
machine that locally switches the ON/OFF controlled AC within the control period. In this way, the102
proposed cyber-physical system realizes the autonomous control of each AC by bridging the gap103
between the continuous target power and the discrete instantaneous power of each AC. Besides, it104
should be mentioned that both physical constraint and user comfort can be taken into consideration in105
the proposed system with ease.106
AC
Semi-Markov 
model
Equation (14)
Random 
state 
machine0 1,u u
Equation (19) ON/OFF 
min. max.
,
k k
i iP Pª º¬ ¼
.
k
AC iP
CPS of AC
Figure 2. Control process based on CPS.
Combine (20) with (21), the dynamic cooling capacity QkAC that changes the indoor temperature
from Tka to Tk+1a within control period k is obtained as
QkAC =
Tk+1a − Tko + Tkoe−
dt
RaCa − Tka e−
dt
RaCa
Ra − Rae−
dt
RaCa
. (24)
Therefore, according to (22)and (24), the dynamic power equation of AC can be calculated as
PkAC =
Tk+1a − Tko + Tkoe−
dt
RaCa − Tka e−
dt
RaCa
COP
(
Ra − Rae−
dt
RaCa
) . (25)
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According to (25), the minimum power Pkmin .i and the maximum power P
k
max .i of AC i during
period k can be obtained as
Pkmin .i = max
 Tmaxa.i −Tko+Tko e− dtRa.iCa.i −Tka.ie− dtRa.iCa.i
COPi
(
Ra.i−Ra.ie
− dtRa.iCa.i
) , 0

Pkmax .i = min
 Tmina.i −Tko+Tko e− dtRa.iCa.i −Tka.ie− dtRa.iCa.i
COPi
(
Ra.i−Ra.ie
− dtRa.iCa.i
) , PrateAC.i

. (26)
At the end of every control period, the actual adjustment range [Pkmin .i, P
k
max .i]of each AC should107
be uploaded accordingly before the control proceeds.108
4. Case Studies109
4.1. Parameters Settings110
Table 1 shows the parameter distributions of a cluster of heterogenous ACs [16], where U denotes111
the uniform distribution within the given range. The control interval is 0.5h and the execution interval112
of semi-Markov model is ∆t = 2s.
Table 1. Parameters of AC
Parameter Ra
(◦C/
kW
)
Ca
(
kWh/◦C) PrateAC (kW) COP Tlock (min) Tmina.i (◦C) Tmaxa.i (◦C)
Value U (2.5, 3.5) U (1.5, 2.5) U (2.5, 3) U (2.5, 3) 3 23 27
113
4.2. Distribution of states114
To simulate the stability performance of the proposed model in coordination large-scale TCLs,115
two scenarios are considered with a cluster of 1,000 and 10,000 ACs respectively. Both parameters and116
initial states of all ACs are set to the same deliberately. The transition probabilities of this simulation is117
u0 = 0.0075 and u1 = 0.0012 and corresponding theoretical probabilities of stability are P1 = 0.119,118
P2 = 0.719, P3 = 0.081 and P4 = 0.081 according to (12).119
Each state’s actual proportions within the cluster, i.e., the transient probabilities, are plotted in120
Figure 3. It can be seen that the transient probability would converge to the theoretical value within an121
epoch less than 0.5h. Besides, with the given probability control method, the diversity of operation122
state within the cluster is guaranteed and the power oscillations in the transient phase are rather123
tolerable. Furthermore, the cluster with a larger scale has milder fluctuation for all states during the124
transient phase.125
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4.3. Response Performance126
To measure the response performance of the semi-Markov model, this case simulates the127
coordination of 1000 ACs where the control signals are generated randomly within the limit of128
operation and user comfort. The simulation lasts for 24h.129
Therefore the random response power Pkrand.i is
Pkrand.i = rand
(
Pkmin .i, P
k
max .i
)
. (27)
A. User comfort130
To reflect each user’s comfort, the state of AC (SOA) is defined as
SOAki =
Tka.i − Tmina.i
Tmaxa.i − Tmina.i
, (28)
where
[
Tmina.i , T
max
a.i
]
is a user specified range of indoor temperature and SOAki ∈ [0, 1].131
Figure 4 plots the probability density of the SOA within the cluster. As shown, the SOA stays132
within [0, 1] for most of the time while it exceeds the comfort limit slightly due to the inherent133
uncertainty of the probability control.134
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B. Tracking Performance135
To analyze the performance of the cluster as a whole in tracking the target power, the error of
power response is defiend as
Errork=
N
∑
i=1
P˜kAC.i −
N
∑
i=1
PkAC.i
N
∑
i=1
PrateAC.i
, (29)
where N is the number of AC in the cluster and PkAC.i is the target power of AC i during k period.136
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Time(h)
-10
-5
0
5
10
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ro
r(%
)
Figure 5. Performance of power response.
Figure 5 shows the performance of power response. As shown, the power deviation is within an137
acceptable range and the cluster can track the target well with the proposed method.138
5. Conclusions139
To coordinate heterogenous TCLs, frequently switches are typically required to guarantee140
individual user comfort while tracking a given target power. Considering existing computation141
and communication infrastructures, this paper proposes a semi-Markov model together with the142
cyber-physical system for autonomous control of TCL. The proposed model is especially efficient for143
coordinating large-scale TCLs with the following advantages: (1) The lock time is incorporated in the144
SMM and the cluster’s diversity of switch state is guaranteed; (2) The proposed CPS implements a145
10 of 10
complete description of two different types of processes, continuous physical dynamics and discrete146
control logic. (3) Both user comfort and privacy are protected.147
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